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Locally standard torus actions and sheaves over
Buchsbaum posets
Anton Ayzenberg
Abstract. We consider a sheaf of exterior algebras on a simplicial poset S and
introduce a notion of homological characteristic function. Two objects are asso-
ciated with these data: a graded sheaf I and a graded cosheaf pΠ. When S is a
homology manifold, we prove the isomorphism Hn´1´ppS; Iq – HppS; pΠq which
can be considered as an extension of the Poincare duality. In general, there is
a spectral sequence E2
p,q
– Hn´1´ppS;Un´1`q b Iq ñ Hp`qpS; pΠq, where U˚ is
the local homology stack on S. This spectral sequence, in turn, extends Zeeman’s
spectral sequence in interpretation of McCrory. We apply these results to toric
topology. Let X be an orientable manifold with locally standard action of a com-
pact torus and acyclic proper faces of the orbit space. A principal torus bundle
Y is associated with X and the orbit type filtration on X is covered by a topo-
logical filtration on Y . Then the second pages of homological spectral sequences
associated with these two filtrations are isomorphic in many positions.
1. Introduction
An action of a compact torus T n on a smooth compact manifoldM of dimension
2n is called locally standard if it is locally modeled by the standard representation
of T n on Cn. The orbit space of a local chart is isomorphic to a nonnegative cone
Cn{T n – tpx1, . . . , xnq P R
n | xi ě 0u, thus the orbit space Q “ M{T
n of the whole
manifold has a natural structure of manifold with corners. Points from interiors of
k-dimensional faces of Q are the k-dimensional orbits of the action. For any face G
of Q consider the stabilizer subgroup TG Ă T
n of points in the interior of G. The
mapping sending the face G to the toric subgroup TG is called characteristic data.
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For any manifold M with locally standard torus action having the orbit space
Q there exists a principal T n-bundle Y Ñ Q such that M is equivariantly homeo-
morphic to the identification space X “ Y { „, where „ identifies points over a face
G Ă Q differing by the action of TG [13]. Thus any manifold with locally standard
action is uniquely determined, up to equivariant homeomorphism, by three objects:
a manifold with corners Q, a principal torus bundle Y over Q (these bundles are
encoded by their Euler classes lying in H2pQ;Znq), and characteristic data.
For a manifold with corners Q consider the dual poset SQ. The elements of SQ
are the faces of Q and the order is given by reversed inclusion. If Q is the orbit
space of a manifold with locally standard action, then SQ is a simplicial poset (see
Definition 2.1).
The description of topology of X in terms of the combinatorial data is difficult
and, in general, far from being accomplished. The cohomology and equivariant coho-
mology rings are unknown and even Betti numbers haven’t been explicitly calculated
yet.
Nevertheless, there are several important particular cases which are known and
well studied. If the orbit space Q is isomorphic to a simple polytope, the manifold
X is called quasitoric. This particular case was introduced and studied in the
seminal work of Davis and Januszkiewicz [6] and underlied the development of toric
topology. Quasitoric manifolds are natural topological generalizations of smooth
projective toric varieties. The reason which makes quasitoric manifolds feasible
from topological viewpoint is that the orbit space has trivial topology (the convexity
happens to be not so important).
This setting may be generalized to the case when all faces of Q are acyclic. This
situation is very close to toric varieties or quasitoric manifolds and the answer is
also very similar [8]:
H˚TnpX ;Zq – ZrSQs; H
˚pX ;Zq – ZrSQs{pθ1, . . . , θnq,
where ZrSQs is the face ring of the simplicial poset SQ and pθ1, . . . , θnq is a regular
sequence of degree 2 in ZrSQs, determined by the characteristic data.
There are several papers where the calculation of topological invariants was per-
formed for more general examples. In [1] we proved that whenever all proper faces
of Q are acyclic and Y Ñ Q is a trivial bundle, the equivariant cohomology ring is
represented as a direct sum (as rings and as modules over H˚pBT n;Zq):
H˚TnpX ;Zq – ZrSQs ‘H
˚pQ;Zq.
We also calculated Betti numbers and partly described the ring structure ofH˚pX,Zq
when X is an orientable toric origami manifold with acyclic proper faces of the orbit
space. This is a very restricted class of manifolds with locally standard actions,
but even in this case many interesting phenomena sprang up. Betti numbers of
4-dimensional toric origami manifolds without any restrictions on proper faces were
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calculated in [7]. The cohomology rings of 4-dimensional manifolds whose orbit
spaces are polygons with holes were described in [12].
In [13] Yoshida introduced the cohomological spectral sequence converging to
H˚pX ;Zq for any X, but generally this spectral sequence does not quickly collapse,
so it is difficult to extract any explicit information, such as Betti numbers, from
it. This approach requires an extra effort to obtain a concrete result. However, for
some particular choices of X this extra effort can be done.
In this paper we study the homological structure of a manifold X, and related
objects, using the filtration of X by orbit types
(1.1) X0 Ă X1 Ă . . . Ă Xn “ X.
Here Xi is the union of all T
n-orbits of dimension at most i, so dimXi “ 2i.
This filtration induces a spectral sequence pEXq
r
p,q ñ Hp`qpXq, where pEXq
1
p,q –
Hp`qpXp, Xp´1q. By dimensional reasons, pEXq
r
p,q “ 0 for p ă q and r ě 1.
There is a natural topological filtration of Y which covers the orbit type filtration
of X, and the map f : Y Ñ X induces the map of homological spectral sequences
(1.2) f r˚ : pEY q
r
p,q Ñ pEXq
r
p,q.
If the proper faces of Q are acyclic, we prove that the map f 2˚ is an isomorphism for
p ą q. Thus every entry of pEXq
r
p,q away from the diagonal is known, at least if the
structure of pEY q
2
p,q is known.
To prove the above-mentioned isomorphism (Theorem 5.2), we place the maps
f 2˚ : pEY q
2
p,q Ñ pEXq
2
p,q into a long exact sequence and show that certain intermediate
terms of this sequence vanish. These intermediate terms are the cohomology modules
H˚pSQ; Iq of a graded sheaf I on SQ, whose values are the ideals in the homology
algebra H˚pT
nq generated by the vector subspaces H1pTGq Ă H1pT
nq. The vanishing
of these sheaf cohomology in certain degrees is the most nontrivial and essential part
of the work. It follows from the duality:
(1.3) Hn´1´ipSQ; Iq – HipSQ; pΠq,
(Theorem 3.5) which holds for the homology manifold SQ and extends the Poincare
duality Hn´1´ipSQ; kq – HipSQ; kq. Here pΠ is a cellular cosheaf on SQ whose value
on a face G Ă Q is the ideal in H˚pT
nq generated by the volume form of the
submodule H˚pTGq Ă H˚pT
nq.
We study this duality in a broader and quite natural setting. For a simplicial
poset S there exists a Zeeman–McCrory spectral sequence pEZMq
r
p,q. It converges to
the homology of S, and its second page is the cohomology of local homology stacks
U˚ on S. If S is a manifold, this sequence collapses at a second page and gives a
standard proof of the Poincare duality. Thus Zeeman–McCrory spectral sequence
can be roughly considered as a generalization of Poincare duality to non-manifolds.
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We prove that there is a spectral sequence, starting with H˚pS;U˚ b Iq and
converging to H˚pS; pΠq (Theorem 3.4). For homology manifolds it collapses to the
isomorphism (1.3).
The work is organized as follows. In Section 2 we review the basic notions:
simplicial posets, sheaves, cosheaves, and Zeeman–McCrory spectral sequence. The
word “sheaf” will always mean “a sheaf over a finite poset”. It is not used in its
broadest topological sense, but rather replaces the term stack or local coefficient
system. In Section 3 we introduce the notion of homological characteristic function,
define two objects associated with this object: the sheaf I, and the cosheaf pΠ,
and formulate Theorems 3.4 and 3.5, proving the duality (1.3). Theorem 3.4 is
proved in Section 4, and Theorem 3.5 follows as its particular case. Preliminaries
on manifolds with locally standard actions are given in Section 5. We introduce
topological filtrations on Q, X, and Y , and formulate Theorem 5.2, which states
that modules pEXq
r
p,q are isomorphic to pEY q
2
p,q for p ą q. Section 6 is devoted to
the proof of Theorem 5.2; there we explain the connection of manifolds with torus
actions and the sheaf-theoretical part of the work.
2. Sheaves and cosheaves over simplicial posets
2.1. Preliminaries on simplicial posets.
Definition 2.1. A finite partially ordered set (poset) is called simplicial if there
exists a minimal element 0ˆ P S and, for any I P S, the lower order ideal tJ P S | J ď
Iu is isomorphic to the boolean lattice 2rks (the poset of faces of a pk´1q-dimensional
simplex) for some k ě 0.
The elements of S are called simplices. The number k in the definition is denoted
by |I| and called the rank of a simplex I. Also set dim I “ |I|´1. A simplex of rank
1 is called a vertex ; the set of all vertices is denoted by VertpSq. A subset L Ă S
closed under taking sub-simplices is called a simplicial subposet.
The notation I
i
ă J is used whenever I ď J and |J | ´ |I| “ i. If S is a simplicial
poset, then for each I
2
ă J P S, there exist exactly two simplices J 1 ‰ J2 between I
and J :
(2.1) I
1
ă J 1, J2
1
ă J.
For simplicial poset S a “sign convention” can be chosen. It means that we can
associate an incidence number rJ : Is “ ˘1 with any pair I
1
ă J P S such that
(2.2) rJ : J 1s ¨ rJ 1 : Is ` rJ : J2s ¨ rJ2 : Is “ 0
for any combination (2.1). The choice of sign convention is the same as orienting
each simplex in S. We fix an arbitrary sign convention and use it in the following
considerations.
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Notice that the set of simplices of any finite simplicial complex obviously forms
a simplicial poset. Thus the notion of simplicial poset is a straightforward general-
ization of abstract simplicial complex.
For I P S consider the following subset of S:
st˝S I “ tJ P S | J ě Iu,
called the open star of I. It is easily seen that Sz st˝S I is a simplicial subposet of S.
We also define the link of a simplex I P S:
lkS I “ tJ P S | J ě Iu.
This set inherits the order relation from S, and lkS I is a simplicial poset with
respect to this order, with the minimal element I. The reason why we used to
different notation for the same thing is that it is convenient to distinguish between
st˝S I, which is considered as a subset of S (but not a subposet!), and lkS I, which is
considered as a simplicial poset on its own (and which is, in general, not included
in S as a subposet in any meaningful way). Note that lkS 0ˆ “ S.
Let S 1 be the barycentric subdivision of S. By definition, S 1 is a simplicial com-
plex on the set Sz0ˆ whose simplices are the chains of elements of S. By definition,
the geometric realization of S is the geometric realization of its barycentric subdi-
vision |S|
def
“ |S 1|. One can also think of |S| as a CW-complex with simplicial cells.
Such topological models of simplicial posets were called simplicial cell complexes
and were studied in [3].
A poset S is called pure if all its maximal elements have equal dimensions. A
poset S is pure whenever S 1 is pure.
In the following k denotes the ground ring; it may be either a field or the ring
of integers. The (co)homology of simplicial poset S mean the (co)homology of its
geometrical realization |S|. If the coefficient ring in the notation of (co)homology is
omitted, it is supposed to be k.
Definition 2.2. Simplicial complex K of dimension n´ 1 is called Buchsbaum
(over k) if rHiplkK I; kq “ 0 for all 0ˆ ‰ I P K and i ‰ n´1´|I|. If K is Buchsbaum
and, moreover, rHipK; kq “ 0 for i ‰ n´ 1 then K is called Cohen–Macaulay.
Simplicial poset S is called Buchsbaum (resp. Cohen–Macaulay) if S 1 is a Buchs-
baum (resp. Cohen–Macaulay) simplicial complex.
Remark 2.3. By [11, Sec.6], S is Buchsbaum whenever rHiplkS I; kq “ 0 for
all 0ˆ ‰ I P S and i ‰ n ´ 1 ´ |I|. Similarly, S is Cohen–Macaulay wheneverrHiplkS I; kq “ 0 for all I P S and i ‰ n´ 1´ |I|.
Typical examples of Buchsbaum posets are triangulations (and, more generally,
simplicial cell decompositions) of manifolds. Typical examples of Cohen–Macaulay
posets are triangulations of spheres. A poset S is Buchsbaum whenever all its proper
links are Cohen–Macaulay.
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One can easily check that whenever S is Buchsbaum and connected, then S is
pure. In the following only pure simplicial posets are considered.
2.2. Cellular sheaves. Let MODk be the category of k-modules. The notation
dimV is used for the rank of a k-module V .
Each simplicial poset S determines a small category CATpSq whose objects are
the elements of S and the morphisms are the inequalities I ď J . A cellular sheaf [5]
(or a stack [10], or a local coefficient system elsewhere) on S is a covariant functor
A : CATpSq Ñ MODk. We simply call A a sheaf on S and hope this will not lead
to a confusion, since other meanings of this word do not appear in the paper. The
maps ApJ1 ď J2q are called restriction maps. The cochain complex pC
˚pS;Aq, dq is
defined as follows:
C˚pS;Aq “
à
iě´1
C ipS;Aq, C ipS;Aq “
à
dim I“i
ApIq,
d : C ipS;Aq Ñ C i`1pS;Aq, d “
à
I
1
ăI 1,dim I“i
rI 1 : IsApI ď I 1q.
The sign convention (2.2) implies that d2 “ 0. Thus pC˚pS;Aq, dq is a differential
complex. Define the cohomology of A as the cohomology of this complex:
(2.3) H˚pS;Aq
def
“ H˚pC˚pS;Aq, dq.
Remark 2.4. Cohomology of A defined this way coincide with any other mean-
ingful definition of cohomology. For example the derived functors of the functor of
global sections give the same groups as (2.3) (refer to [5] for a broad exposition of
this subject).
A sheaf A on S can be restricted to a simplicial subposet L Ă S. The complexes
pC˚pL,Aq, dq and pC˚pS;Aq{C˚pL;Aq, dq are defined as usual. The latter complex
gives rise to a relative version of sheaf cohomology: H˚pS, L;Aq.
Remark 2.5. It is standard in topological literature to consider cellular sheaves
which do not take values on 0ˆ P S, since in general this element does not have
a geometrical meaning. However, this extra value Ap0ˆq will be important in the
considerations of Section 6. Therefore the cohomology group may be nontrivial in
degree ´1 “ dim 0ˆ. If a sheaf A is defined on S, then we can consider its truncated
version A which coincides with A on Szt0ˆu and vanishes on 0ˆ.
The notions of maps, (co)kernels, (co)images, tensor products of sheaves over S
are defined in an obvious componentwise manner. For example, if A and B are two
sheaves on S, then A b B is a sheaf on S with values pA b BqpIq “ ApIq b BpIq
and restriction maps pAbBqpI ď Jq “ ApI ď Jq bBpI ď Jq. In the realm of finite
simplicial posets the distinction between “sheaves” and “presheaves” vanishes, which
makes things simpler than they are in algebraic geometry.
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Example 2.6. Let W be a k-module. By abuse of notation let W denote the
globally constant sheaf on S. It takes the constant value W on I ‰ 0ˆ and vanishes
on 0ˆ. All nontrivial restriction maps are identity isomorphisms. If W is torsion-free,
we have H˚pS;W q – H˚pS; kq bW by the universal coefficients formula.
Example 2.7. A locally constant sheaf valued by W P MODk is a sheaf W which
satisfies Wp0ˆq “ 0, WpIq – W for I ‰ 0ˆ and all nontrivial restriction maps are
isomorphisms (but may be not identity isomorphisms).
Example 2.8. Following [10], define i-th local homology sheaf Ui on S by setting
Uip0ˆq “ 0 and
(2.4) UipJq “ HipS, Sz st
˝
S J ; kq
for J ‰ 0ˆ. The restriction maps UipJ1 ă J2q are induced by inclusions of subsets
st˝S J2 ãÑ st
˝
S J1. Standard topological arguments imply that a simplicial poset S is
Buchsbaum if and only if Ui “ 0 for i ‰ n´ 1 (see also Remark 2.16 below).
Definition 2.9. Buchsbaum simplicial poset S is called homology manifold (ori-
entable over k) if its local homology sheaf Un´1 is isomorphic to the constant sheaf k.
S is an orientable homology manifold if and only if its geometrical realization is
an orientable homology manifold in a usual topological sense.
2.3. Cosheaves. A cellular cosheaf [5] is a contravariant functor pA : CATpSqop Ñ
MODk. The homology of a cosheaf are defined similar to the cohomology of a sheaf:
C˚pS; pAq “ à
iě´1
CipS; pAq CipS; pAq “ à
dim I“i
ApIq
d : CipS; pAq Ñ Ci´1pS; pAq, d “ à
Ią1I 1,dim I“i
rI : I 1s pApI ě I 1q,
H˚pS; pAq def“ H˚pC˚pS; pAq, dq.
Example 2.10. Each locally constant sheaf W on S determines the locally con-
stant cosheaf xW by inverting all maps, i.e. xWpIq –WpIq and xWpI ą Jq “ pWpJ ă
Iqq´1.
Remark 2.11. Notice that the notation H˚pS; kq can mean either the homology
of the geometric realization |S| or the homology of a globally constant cosheaf k on
S. Obviously these two meanings are consistent, and the same for cohomology of a
constant sheaf.
2.4. Coskeleton filtration and dual faces. In the following we suppose that
S is pure and dimS “ n´ 1.
Construction 2.12. Let us recall the construction of coskeleton filtration on
|S|. Consider the barycentric subdivision S 1 of the pure simplicial poset S. By
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definition, S 1 is a simplicial complex on the set Sz0ˆ and k-simplices of S 1 have the
form pI0 ă I1 ă . . . ă Ikq, where Ii P Sz0ˆ. For each I P Szt0ˆu consider the
subcomplex of the barycentric subdivision:
GI “ tpI0 ă I1 ă . . .q P S
1 such that I0 ě Iu Ă S
1,
and the subsets
BGI “ tpI0 ă I1 ă . . .q P S
1 such that I0 ą Iu Ă S
1, and G˝I “ GIzBGI .
It is easily seen that dimGI “ n ´ 1´ dim I since S is pure. We have GI Ă GJ
whenever J ă I. The complex GI (or its geometrical realization |GI |) is called the
face or the pseudocell of |S| dual to I P S. The boundary BGI of a face GI is the
union of some faces of smaller dimensions.
Let Si “
Ť
dimGIďi
GI for ´1 ď i ď n´ 1. Thus Si is a simplicial subcomplex of
S 1. The filtration
(2.5) H “ S´1 Ă S0 Ă S1 Ă . . . Ă Sn´1 “ S
1,
and the corresponding topological filtration
(2.6) H “ |S´1| Ă |S0| Ă |S1| Ă . . . Ă |Sn´1| “ |S|,
are called the coskeleton filtrations of S 1 and |S| respectively [10].
For a pair I
1
ă J P S consider the map:
(2.7) mqI,J : Hq`dimGI pGI , BGIq Ñ Hq`dimGI´1pBGIq Ñ
Ñ Hq`dimGI´1pBGI , BGIzG
˝
J q – Hq`dimGJ pGJ , BGJq,
where the first map is the connecting homomorphism in the long exact sequence of
homology for the pair pGI , BGIq, and the last isomorphism is due to excision. The
homology spectral sequence associated with filtration (2.6) runs
pESq
1
p,q “ Hp`qpSp, Sp´1q ñ Hp`qpSq.
The first differential pdSq
1 is the sum of the maps mqI,J over all pairs I
1
ă J , I, J P S.
Construction 2.13. Given a sign convention on S, for each q consider the
sheaf Hq on S given by
HqpIq “ Hq`dimGI pGI , BGIq
for I ‰ 0ˆ, and Hqp0ˆq “ 0. For neighboring simplices I
1
ă J define the restriction
map as HqpI
1
ă Jq “ rJ : IsmqI,J . For general I
k
ă J consider any saturated chain in
S between I and J :
I
1
ă J1
1
ă . . .
1
ă Jk´1
1
ă J,
and set
HqpI ă Jq
def
“ HqpJk´1 ă Jq ˝ . . . ˝HqpI ă J1q.
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Lemma 2.14. The map HqpI ă Jq thus defined does not depend on a choice of
saturated chain between I and J .
Proof. The differential pdSq
1 satisfies ppdSq
1q2 “ 0, thus mqJ 1,J ˝m
q
I,J 1 `m
q
J2,J ˝
m
q
I,J2 “ 0. By combining this with (2.2) we see that HqpI ă Jq is independent of
the chain if its length is 2. In general, since tT | I ď T ď Ju is a boolean lattice, any
two saturated chains between I and J are connected by a sequence of elementary
flips rJk
1
ă T1
1
ă Jk`2s ù rJk
1
ă T2
1
ă Jk`2s and the statement follows. 
Thus the sheaves Hq are well defined. They will be called the structure sheaves
of S. From the definition of a cochain complex directly follows
Corollary 2.15. The cochain complexes of structure sheaves coincide with
pESq
1
˚,˚ up to change of indices:
ppESq
1
˚,q, pdSq
1q – pCn´1´˚pHqq, dq.
Remark 2.16. There exists an isomorphism of sheaves
(2.8) Hq – Uq`n´1,
where U˚ are the sheaves of local homology defined in Example 2.8. Indeed, it
can be shown that HipS, Sz st
˝
S Iq – Hi´dim IpGI , BGIq and these isomorphisms can
be chosen compatible with restriction maps. For simplicial complexes this fact is
proved in [10, Sec.6.1]; the case of simplicial posets is rather similar. Note that the
definition of H˚ depends on the sign convention while U˚ does not. This makes no
contradiction since the isomorphism (2.8) itself depends on the choice of orientations.
The isomorphism (2.8) implies that S is Buchsbaum if and only if Hq “ 0 for
q ‰ 0. Simplicial poset S is an orientable manifold if it is Buchsbaum and, moreover,
H0 – k.
2.5. Zeeman–McCrory spectral sequence. From the considerations of the
previous subsection easily follows
Statement 2.17 (McCrory, [10]). There exists a spectral sequence, located in
fourth quadrant,
pEZMq
r
p,q, d
r : pEZMq
r
p,q Ñ pEZMq
r
p´r,q`r´1;(2.9)
pEZMq
2
p,q – H
n´1´ppS;Un´1`qq ñ Hp`qpS; kq.(2.10)
It is isomorphic to the homological spectral sequence, associated with the coskeleton
filtration of |S|.
For us, however, it will be more convenient to work with structure sheaves H˚
rather than local homology sheaves U˚. For a Buchsbaum simplicial poset the sheaf
Hi vanish for i ‰ 0. Thus pEZMq
2
p,q “ 0 for q ‰ 0 and the spectral sequence collapses
at the second page inducing the isomorphism
Hn´1´ppS;H0q – HppS; kq.
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When S is an orientable homology manifold, this gives a Poincare duality isomor-
phism
Hn´1´ppS; kq – HppS; kq.
2.6. Corefinements of sheaves. In this section we develop a technical notion
which will be used further in the proofs.
Let A be a sheaf on S. Define a cosheaf pA1 on the barycentric subdivision S 1 bypA1pI1 ă . . . ă Ikq “ ApI1q
with corestriction maps determined naturally by restriction maps of A:pA1ppI1 ă . . . ă Ikq Ą pJ1 ă . . . ă Jsqq “ ApI1 ď J1q.
We call pA1 a corefinement of a sheaf A. The faces GI and their boundaries BGI
are the simplicial subcomplexes of S 1 so one can restrict pA1 to them. Next lemma
follows easily from the definitions.
Lemma 2.18.
HqpSp, Sp´1, pA1q – à
I,dimGI“p
HqpGI , BGI ; pA1q.
Similar to (2.7) there is a map
(2.11) mq,AI,J : Hq`dimGI pGI , BGI ;
pA1q Ñ Hq`dimGI´1pBGI ; pA1q Ñ
Ñ Hq`dimGI´1pBGI , BGIzG
˝
J ;
pA1q – Hq`dimGJ pGJ , BGJ ; pA1q.
These maps allow to define new sheavesAq on S by settingAqpIq “ Hq`dimGI pGI , BGI ;
pA1q
with restriction maps defined similar to Construction 2.13.
Lemma 2.19. If ApIq is torsion-free for all I P S, then there exist natural iso-
morphisms
HrpGI , BGI ; pA1q – HrpGI , BGI ; kq bApIq.
The maps mq,AI,J coincide with m
q
I,J bApI ă Jq up to these isomorphisms. Thus the
sheaf Aq is isomorphic to Hq bA.
Proof. By the definition of pA1 we have
HrpGI , BGI; pA1q – HrpGI , BGI ;ApIqq,
since the value of pA1 on all simplices of G˝I is exactly ApIq. The rest follows from
universal coefficients formula. 
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3. Exterior algebras and characteristic functions
Let V be a free k-module of dimension N. Let ΛrV s denote the free exterior
algebra generated by V , that is the quotient of a free tensor algebra T rV s by the
relations v b v “ 0 for all v P V . The algebra ΛrV s is graded by degrees of exterior
forms.
Definition 3.1. Let us fix a simplicial poset S and a locally constant sheaf V
on S. A collection of vectors tωi P Vpiq | i P VertpSqu is called a homological
k-characteristic function if it satisfies the following p˚kq-condition:
For each simplex I P Sz0ˆ whose vertices are i1, . . . , ik, the vectors
Vpi1 ď Iqpωi1q, . . . ,Vpik ď Iqpωikq P VpIq
are linearly independent over k and span a direct summand in VpIq.
For a locally constant sheaf V on S, valued by the vector space V , consider the
sheaf L “ ΛrVs of graded exterior algebras generated V. This means that LpIq “
ΛrVpIqs, and LpI ď Jq is an isomorphism of graded exterior algebras generated
by the isomorphism VpI ď Jq : VpIq Ñ VpJq in degree one levels. Let pL denote
the locally constant cosheaf of exterior algebras corresponding to a sheaf L (see
Example 2.10).
Let tωi P Vpiq | i P VertpSqu be a homological characteristic function. If i is a
vertex of a simplex I, then the restriction map Vpi ď Iq sends the vector ωi P Vpiq
to some vector in VpIq. By abuse of notation we denote the target vector by the
same letter ωi. So far the definition of homological characteristic function implies
that the set tωi1 , . . . , ωiku freely spans a direct summand of VpIq whenever i1, . . . , ik
are vertices of I. Note, that LpIq is an exterior algebra generated by VpIq, so the
vectors ωi can be considered as linear forms in LpIq.
Construction 3.2. Consider a subsheaf I Ă L, defined as follows. For a
simplex I with vertices i1, . . . , ik we set the value of I on I to be the ideal of LpIq,
generated by the linear forms:
IpIq “ pωi1, . . . , ωikq.
It is easily seen that whenever I ď J , the restriction map LpI ď Jq sends the ideal
IpIq generated by the smaller set of elements into the ideal IpJq generated by the
larger set of elements. Thus the restriction maps of the sheaf I are induced from
those of L and are well defined.
Construction 3.3. Let us define another type of ideals associated with a char-
acteristic function.
Let J “ ti1, . . . , iku be a nonempty subset of vertices of a simplex I P S. Consider
the element piJ P LpIq “ pLpIq, piJ “ ŹiPJ ωi. By the definition of characteristic
function, the elements tωi | i P Ju are linearly independent, thus piJ is a non-zero
form of degree |J |. Let ΠJ Ă LpIq be the principal ideal generated by piJ . The
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restriction maps LpI ă I 1q (and corestriction maps pLpI 1 ą Iq “ LpI ă I 1q´1)
identify ΠJ Ă LpIq with ΠJ Ă LpI
1q.
Let us define a subcosheaf pΠ of ideals in pL. If J is the whole set of vertices of
a simplex I ‰ 0ˆ we define pΠpIq def“ ΠJ Ă pLpIq. If I 1 ă I, the corestriction mappLpI 1 ą Iq injects pΠpI 1q into pΠpIq, since the form piI 1 is divisible by piI . Thus pΠ is a
well-defined graded sub-cosheaf of pL. We formally set pΠp0ˆq “ 0.
Now we can formulate our main homological results.
Theorem 3.4. Let S be a pure simplicial poset of dimension n´1, and I, pΠ the
sheaf and cosheaf over S, determined by some homological k-characteristic function.
Then there exists a spectral sequence
E2s,k – H
n´1´spS;Hk b Iq ñ Hs`kpS; pΠq,
dr : Ers,k Ñ E
r
s´r,k`r´1
which respects the inner gradings of I and pΠ.
If S is Buchsbaum, the spectral sequence of Theorem 3.4 collapses at a second
page and implies
Theorem 3.5. For Buchsbaum simplicial poset S of dimension n´1 there exists
an isomorphism HkpS;H0bIq – Hn´1´kpS; pΠq which respects the inner gradings of
I and pΠ.
Corollary 3.6. If S is a homology pn´ 1q-manifold, then there is an isomor-
phism HkpS; Iq – Hn´1´kpS; pΠq, respecting the inner gradings.
Let Ipqq, pΠpqq denote the homogeneous parts of inner degree q of the corresponding
sheaves I, pΠ.
Corollary 3.7 (Key corollary). If S is a Buchsbaum simplicial poset, then
HjpS;H0 b I
pqqq “ 0 for j ď n ´ 1´ q.
Proof. By Theorem 3.5, it is sufficient to prove that HjpS; pΠpqqq “ 0 for j ě q.
The ideal pΠpIq “ ΠI is generated by the element piI of degree |I| “ dim I ` 1. Thus
Π
pqq
I “ 0 for q ď dim I. Hence the corresponding part of the chain complex vanishes,
and the homology in these degrees vanish as well. 
Remark 3.8. The exterior forms of the top power, ΛrV spNq, lie in every ideal
IpIq and pΠpIq. Thus the isomorphism of Theorem 3.5, when restricted to the top
degree, gives the Poincare duality:
HkpS;H0q “ H
kpS;H0 b I
pNqq – Hn´1´kpS; pΠpNqq “ Hn´1´kpS; kq.
The restriction of the spectral sequence of Theorem 3.4 to the top degree gives the
Zeeman–McCrory spectral sequence in a similar way.
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4. Proof of Theorem 3.4
The idea of proof is the following. We construct a filtered double differential
complex Xk,l and then play with various spectral sequences converging to its total
homology.
Before we proceed we need a small technical lemma. Let J P S. If i is a vertex of
J , we have a map ηi : Πi ãÑ IpJq, which includes the ideal Πi generated by a linear
form ωi into the ideal IpJq generated by a larger set of linear forms.
Consider the sequence of maps
(4.1) 0Ð IpJq
η
Ð
à
I,dim I“0
IďJ
ΠI
ξ
Ð
à
I,dim I“1
IďJ
ΠI
ξ
Ð
à
I,dim I“2
IďJ
ΠI
ξ
Ð . . .
where η is the direct sum of the maps ηi over i P VertpSq, i ď J ; and ξ is the direct
sum of inclusion maps ΠI ãÑ ΠI 1, each rectified by the incidence sign rI : I
1s. The
sign convention obviously implies that (4.1) is a differential complex. But what is
more important,
Lemma 4.1. The sequence (4.1) is exact.
Proof. This is very similar to the Taylor resolution of monomial ideal in com-
mutative polynomial ring (or Koszul resolution), but our situation is a bit different,
since ΠI are not free modules over Λ. Anyway, the proof is similar to commutative
case: exactness of (4.1) follows from inclusion-exclusion principle. To make things
precise (and also to tackle the case k “ Z) we proceed as follows.
By p˚kq-condition, the subspace xωj | j P Jy is a direct summand in V – k
N.
Let tν1, . . . , νNu be a basis of V such that its first |J | vectors are exactly ωj, j P J .
We simply identify J with the subset t1, . . . , |J |u Ď rNs by abuse of notation. The
module ΛrV s splits in multidegree components: Λ “
À
AĎrNs ΛA, where ΛA is a 1-
dimensional k-module generated by
Ź
iPA νi. All modules and maps in (4.1) respect
this splitting. Thus (4.1) can be written as
0ÐÝ
à
AXJ‰H
ΛA ÐÝ
à
IĎJ,|I|“1
à
AĚI
ΛA ÐÝ
à
IĎJ,|I|“2
à
AĚI
ΛA ÐÝ . . . ,
à
A,AXJ‰H
˜
0ÐÝ ΛA ÐÝ
à
IĎAXJ,|I|“1
ΛA ÐÝ
à
IĎAXJ,|I|“2
ΛA ÐÝ . . .
¸
.
For each A, the homology of the complex in brackets coincides with rH˚p∆AXJ ; ΛAq –rH˚p∆AXJ ; kq, the reduced simplicial homology of the simplex on the set AXJ ‰ H.
Thus homology vanishes. 
Let us define a cosheaf N on S taking values in graded differential complexes.
We set N pIq “ C˚pGI ; ΠIq, the simplicial chains of the simplicial complex GI . The
corestriction maps N pI ą Jq are naturally induced by inclusions of faces GI ãÑ GJ
and inclusions of coefficient modules pΠpI ą Jq : ΠI ãÑ ΠJ .
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The chain complex
X˚,˚ “ pC˚pS;N q; dHq, Xk,l “
à
I,dim I“k
ClpGI ; ΠIq
is a double complex. It has the horizontal homological differential dH : Xk,l Ñ Xk´1,l
(sheaf-differential) and the vertical differential dV : ClpGI ; ΠIq Ñ Cl´1pGI ; ΠIq (inner
differential). The differentials commute, dHdV “ dV dH , so we can form a totalized
differential complex
Xj “
à
k`l“j
Xk,l, dTot “ dH ` p´1q
kdV : Xj Ñ Xj´1.
Lemma 4.2. HkpX , dTotq – HkpS; pΠq.
Proof. Consider the vertical spectral sequence [9] converging to HkpX , dTotq:
pEV q
r
˚,˚, pdV qr : pEV q
r
k,l Ñ pEV q
r
k´r,l`r´1,
which at first computes vertical homology, then horizontal. We have
pEV q
1
k,l “
à
I,dim I“k
HlpGI ; ΠIq.
Since GI is contractible, HlpGI ; ΠIq “ 0 for l ‰ 0 and H0pGI ; ΠIq “ ΠI . Thus
pEV q
1
k,l “
#À
dim I“kΠI “ CkpS;
pΠq, if l “ 0;
0, otherwise.
pEV q
2
k,l “
#
HkpS; pΠq, if l “ 0;
0, otherwise.
The spectral sequence collapses at the second page, thus HkpX , dTotq – HkpS; pΠq.

Our next goal is to compute the homology of totalization by first computing the
horizontal homology, then vertical. Recall that GI is a simplicial subcomplex of S
1,
so the module C˚pGI ; ΠIq is considered as the chain complex of the constant cosheaf
ΠI . Let the cosheaf pI 1 be the corefinement of the sheaf I (recall this notion from
subsection 2.6).
Lemma 4.3. The sequence
(4.2) 0ÐÝ C˚pS
1; pI 1q ÐÝ à
I,dim I“0
C˚pGI ; ΠIq ÐÝ
à
I,dim I“1
C˚pGI ; ΠIq ÐÝ . . .
is exact.
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Proof. Since all the maps C˚pGI ; ΠIq Ñ C˚pGI ; ΠIq are induced by inclusions
of simplicial subcomplexes, the sequence (4.2) decomposes as the direct sum over
all simplices ∆ “ pI1 ă . . . ă Ikq P S
1:
à
∆PS1
¨˚
˝0ÐÝ pI 1p∆q ÐÝ à
I,dim I“0
∆PGI
ΠI ÐÝ
à
I,dim I“1
∆PGI
ΠI ÐÝ . . .
‹˛‚
Since the condition ∆ P GI is equivalent to I1 ě I, and by the definition of corefine-
ment pI 1, the expression in brackets is equal to
0ÐÝ IpI1q ÐÝ
à
I,dim I“0
IďI1
ΠI ÐÝ
à
I,dim I“1
IďI1
ΠI ÐÝ . . .
This sequence is exact by Lemma 4.1 
Let us return to the double complex X and consider its horizontal spectral se-
quence
pEHq
r
˚,˚, pdHqr : pEHq
r
k,l Ñ pEHq
r
k`r´1,l´r
which computes horizontal homology first, then vertical.
Lemma 4.4. HlpX , dTotq – HlpS
1; pI 1q.
Proof. By Lemma 4.3 the horizontal homology of X vanishes except in degree
k “ 0, where it is isomorphic to C˚pS
1; pI 1q. Thus
pEHq
2
k,l –
#
HlpS
1; pI 1q, if k “ 0;
0, otherwise.
The spectral sequence collapses and the statement follows. 
Finally, we make use of the coskeleton filtration on S 1.
Lemma 4.5. There exists a spectral sequence Ers,k ñ Hs`kpS
1; pI 1q, dr : Ers,k Ñ
Ers´r,k`r´1, E
2
s,k – H
n´1´spS;Hk b Iq. This spectral sequence respects the inner
gradings on I and pI 1
Proof. Consider the spectral sequence associated with the coskeleton filtration
of S 1 for the coefficient system pI 1:
Ers,k ñ Hs`kpS
1; pI 1q, dr : Ers,k Ñ Ers´r,k`r´1,
E1s,k – Hs`kpSs, Ss´1; pI 1q.
We have
E1s,k – Hs`kpSs, Ss´1; pI 1q “ à
I,dimGI“s
Hs`kpGI , BGI ; pI 1q “ à
I,dimGI“s
IkpIq
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by Lemma 2.18. Since the values of I are torsion-free, Lemma 2.19 impliesà
I,dimGI“s
IkpIq –
à
I,dimGI“s
pI bHkqpIq “ C
n´1´spS; I bHkq.
Therefore,
E2s,k – H
n´1´spS; I bHkq
which proves the statement. 
The combination of lemmas 4.2, 4.4, and 4.5 proves Theorem 3.4.
5. Manifolds with locally standard torus actions
5.1. Orbit spaces. Let T n be a compact n-dimensional torus. The standard
representation of T n is a representation T n ñ Cn by coordinate-wise rotations, i.e.
pt1, . . . , tnq ¨ pz1, . . . , znq “ pt1z1, . . . , tnznq,
for zi, ti P C, |ti| “ 1. An action of T
n on a (compact connected smooth) manifold
M2n is called locally standard, if M has an atlas of standard charts, each isomorphic
to a subset of the standard representation. More precisely, a standard chart onM is
a triple pU, f, ψq, where U ĂM is a T n-invariant open subset, ψ is an automorphism
of T n, and f is a ψ-equivariant homeomorphism f : U Ñ W onto a T n-invariant open
subset W Ă Cn (i.e. fpt ¨ yq “ ψptq ¨ fpyq for all t P T n, y P U).
The orbit space Cn{T n of the standard representation is the nonnegative cone
R
n
ě “ tx P R
n | xi ě 0u. Thus an orbit space of a locally standard action obtains the
structure of compact connected n-dimensional manifold with corners. Recall that a
manifold with corners is a topological space locally modeled by open subsets of Rně
with the combinatorial stratification induced from the face structure of Rně (details
relevant to the study of torus actions can be found in [4] or [13]).
5.2. Characteristic functions. Let Q “M{T n be the orbit space of a locally
standard action. Let FacpQq denote the set of facets (i.e. faces of codimension 1).
Every face F of codimension k lies in exactly k distinct facets of Q (such manifolds
with corners are called nice in [8] or manifolds with faces elsewhere). Consider the
set SQ of all faces of Q, including Q itself, and define the order on SQ by reversed
inclusion. Since Q is nice, SQ is a simplicial poset. The minimal element of SQ
is the maximal face, that is the space Q itself. The facets of Q correspond to the
vertices of SQ. For convenience we denote abstract elements of SQ by I,J , etc. and
the corresponding faces of Q will be denoted by FI , FJ , etc.
If F P FacpQq and x is a point from interior of F , then the stabilizer of x, denoted
by λpF q, is a 1-dimensional toric subgroup in T n. If FI is a codimension k face of
Q, contained in the facets F1, . . . , Fk P FacpQq, then the stabilizer of an orbit x P F
˝
I
is the k-dimensional torus TI “ λpF1q ˆ . . . ˆ λpFkq Ă T
n, where the product is
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free inside T n. This puts a specific restriction on subgroups λpF q, F P FacpQq. In
general, the map
(5.1) λ : FacpQq Ñ t1-dimensional toric subgroups of T nu
is called a characteristic function, if, whenever the facets F1, . . . , Fk have nonempty
intersection, the map
λpF1q ˆ . . .ˆ λpFkq Ñ T
n,
induced by inclusions λpFiq ãÑ T
n, is injective and splits. This condition is called
p˚q-condition. Notice, that F1, . . . , Fk have nonempty intersection whenever the
corresponding vertices of SQ are the vertices of some simplex.
From the p˚q-condition follows that the map
(5.2) H1pλpF1q ˆ . . .ˆ λpFkq; kq Ñ H1pT
n; kq
is also injective and splits for any ground ring k. Thus the homology classes
ω1, . . . , ωk of subgroups λpF1q, . . . , λpFkq freely span a direct summand in H1pT
n; kq.
This motivates the definition of homological characteristic function given in Sec-
tion 3. Surely, the exterior algebra ΛrV s generated by a k-module V has a clear
meaning of the whole homology algebra of a torus: ΛrH1pT
n; kqs – H˚pT
n; kq.
If the function (5.1) satisfies (5.2) for some specific ground ring k, we say that
λ satisfies p˚kq-condition. It is easy to see that the topological p˚q-condition is
equivalent to p˚Zq, and that p˚Zq implies p˚kq for any k.
5.3. Model spaces. Let M be a manifold with locally standard action and
µ : M Ñ Q be the projection to the orbit space. The free part of the action has
the form µ|Q˝ : µ
´1pQ˝q Ñ Q˝, where Q˝ “ QzBQ is the interior of the manifold
with corners. The free part is a principal torus bundle over Q˝. It can be uniquely
extended over Q and defines a principal T n-bundle ρ : Y Ñ Q.
Therefore any manifold with locally standard action determines three objects:
the nice manifold with corners Q, the principal torus bundle ρ : Y Ñ Q, and the
characteristic function λ. One can recover the manifold M from these data by the
following standard construction.
Construction 5.1 (Model space). Let ρ : Y Ñ Q be a principal T n-bundle
over a nice manifold with corners Q and λ be a characteristic function on FacpQq.
Consider the space X
def
“ Y { „, where y1 „ y2 if and only if ρpy1q “ ρpy2q P F
˝
I for
some face FI of Q, and y1, y2 lie in the same TI-orbit of the action. There exists a
natural T n-equivariant map f : Y Ñ X.
Every manifold with locally standard torus action is equivariantly homeomorphic
to its model ([13, Cor.2]), so in the following we will work with X instead of M .
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5.4. Filtrations. SinceQ is a manifold with corners, there is a natural filtration
on Q:
(5.3) H “ Q´1 Ă Q0 Ă Q1 Ă . . . Ă Qn´1 “ BQ Ă Q “ Qn,
where Qi is the union of all faces of dimension ď i. It lifts to the T
n-invariant
filtration on Y :
(5.4) H “ Y´1 Ă Y0 Ă Y1 Ă . . . Ă Yn´1 Ă Yn “ Y,
where Yi “ ρ
´1pQiq. This in turn descends to the filtration on X:
(5.5) H “ X´1 Ă X0 Ă X1 Ă . . . Ă Xn´1 Ă Xn “ X,
Xi “ fpYiq. It is easily seen that (5.5) is the filtration of X by orbit types, i.e. Xi
is the union of all orbits of dimension at most i. We have dimXi “ 2i. The maps
µ : X Ñ Q, ρ : Y Ñ Q and f : Y Ñ X preserve the filtrations.
The filtrations give rise to homological spectral sequences.
pEQq
1
p,q “ Hp`qpQp, Qp´1q ñ Hp`qpQq, pdQq
r : pEQq
r
˚,˚ Ñ pEQq
r
˚´r,˚`r´1(5.6)
pEY q
1
p,q – Hp`qpYp, Yp´1q ñ Hp`qpY q, pdY q
r : pEY q
r
˚,˚ Ñ pEY q
r
˚´r,˚`r´1(5.7)
pEXq
1
p,q – Hp`qpXp, Xp´1q ñ Hp`qpXq, pdXq
r : pEXq
r
˚,˚ Ñ pEXq
r
˚´r,˚`r´1.(5.8)
In the following we also need the spectral sequence associated to the filtration
of Q truncated at Qn´1 “ BQ:
(5.9) H “ Q´1 Ă Q0 Ă Q1 Ă . . . Ă Qn´1 “ BQ,
pEBQq
1
p,q “
#
Hp`qpQp, Qp´1q for p ă n,
0, for p “ n
ñ Hp`qpBQq.
Note that pEXq
1
p,q “ 0 for q ą p by dimensional reasons. The map f : Y Ñ X
induces the map of spectral sequences
f r˚ : pEY q
r
p,q Ñ pEXq
r
p,q.
The main topological result of this paper is the following
Theorem 5.2. If Q is orientable and all proper faces of Q are acyclic over k,
then the map f 2˚ : pEY q
2
p,q Ñ pEXq
2
p,q is an isomorphism for q ă p or q “ p “ n, and
injective for q “ p ă n.
6. Proof of Theorem 5.2
At first we prove a technical lemma which is extremely useful when one passes
from the topology of Q to the topology of its underlying simplicial poset SQ.
For a poset S consider a space P “ Cone |S|. A coskeleton filtration of S extends
to the coskeleton filtration of P :
|S0| Ă . . . Ă |Sn´1| “ |S| Ă P,
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and the corresponding homological spectral sequence is denoted pEP q
˚
˚,˚.
For convenience we introduce the following definition.
Definition 6.1. An oriented manifold with corners Q is called Buchsbaum if
all its proper faces are acyclic. If Q is Buchsbaum and Q itself is acyclic, then Q is
called Cohen–Macaulay. As usual, all notions depend on the ground ring k.
Any face G of Buchsbaum manifold with corners Q is an orientable manifold
with corners. The acyclicity of G implies that HjpG, BGq “ 0 for j ‰ dimG and
HdimGpG, BGq – k by Poincare–Lefschetz duality.
Lemma 6.2.
p1qn Let Q be a Buchsbaum manifold with corners, dimQ “ n, SQ be its underly-
ing poset, and P “ Conep|SQ|q. Then there exists a face-preserving map ϕ : QÑ P
which induces the identity isomorphism of posets of faces and the isomorphism of
the spectral sequences ϕ˚ : pEBQq
r
˚,˚
–
Ñ pESq
r
˚,˚ for r ě 1.
p2qn If Q is Cohen–Macaulay of dimension n, then ϕ induces the isomorphism
of spectral sequences ϕ˚ : pEQq
r
˚,˚
–
Ñ pEP q
r
˚,˚ for r ě 1.
Proof. A map ϕ is constructed inductively. 0-skeleta of Q and P are naturally
identified since both correspond to the set of maximal simplices of S. There always
exists an extension of ϕ to higher-dimensional faces since all faces of P are cones. The
statement is proved by the following scheme of induction: p2qďn´1 ñ p1qn ñ p2qn.
The case n “ 0 is clear.
Let us prove the implication p1qn ñ p2qn. The map ϕ induces the homomorphism
of the long exact sequences:rH˚pBQq //

rH˚pQq //

H˚pQ, BQq //

rH˚´1pBQq //

rH˚´1pQq
rH˚pBP q // rH˚pP q // H˚pP, BP q // rH˚´1pBP q // rH˚´1pP q
The maps rH˚pQq Ñ rH˚pP q are isomorphisms since both groups are trivial. The
maps rH˚pBQq Ñ rH˚pBP q are isomorphisms, since pEBQq –ñ H˚pBQq, pEBP q –ñ
H˚pBP q and the spectral sequences are isomorphic by p1qn. Five lemma shows
that ϕ˚ : pEQq
1
n,˚ Ñ pEP q
1
n,˚ is an isomorphism as well. This proves p2qn.
Now we prove the implication p2qďn´1 ñ p1qn. Let FI be faces of Q and GI
faces of P . All proper faces of Q are Cohen–Macaulay of dimension ď n ´ 1. Thus
p2qďn´1 implies the isomorphisms H˚pFI , BFIq Ñ H˚pGI , BGIq which sum together
to the isomorphism ϕ˚ : pEBQq
1
˚,˚
–
Ñ pEBP q
1
˚,˚. 
Corollary 6.3. If Q is a Buchsbaum manifold with corners, then SQ is Buchs-
baum. Moreover, in this case SQ is a homology manifold. If Q is Cohen–Macaulay,
then SQ is a homology sphere.
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From now on we suppose that Q is Buchsbaum, as stated in the condition of
Theorem 5.2. Thus SQ is Buchsbaum as well.
Let us return to the spaces Y and X over Q. As before, let FI be the face of Q
corresponding to I P SQ. Let YI “ ρ
´1pFIq and XI “ fpYIq be the corresponding
subsets of Y and X respectively. Actually, XI Ă X is a closed submanifold of
dimension 2 dimFI , called a face submanifold. We set BYI “ ρ
´1pBFIq and BXI “
fpBYIq (the set BXI does not have the meaning of a boundary in a topological sense,
this is just a conventional notation). Note that Y
0ˆ
“ Y and X
0ˆ
“ X.
We have
pEY q
1
p,q – Hp`qpYp, Yp´1q –
à
|I|“n´p
Hp`qpYI , BYIq
pEXq
1
p,q – Hp`qpXp, Xp´1q –
à
|I|“n´p
Hp`qpXI , BXIq
Remark 6.4. The map f 1˚ : pEY q
1
n,q Ñ pEXq
1
n,q, which coincides with f˚ : H˚pY, BY q Ñ
H˚pX, BXq, is an isomorphism since the identification „ of Construction 5.1 touches
only the boundary BY , thus Y {BY – X{BX.
The space YI is a principal T
n-bundle over QI . For each I P Sz0ˆ, the face QI is
acyclic. Thus there exists a trivialization YI – QI ˆ T
n and we have
(6.1) Hp`qpYI , BYIq –
à
i`j“p`q
HipFI , BFIq bHjpT
nq – HqpT
nq,
(the groups HipFI , BFIq vanish for i ‰ p, and HppFI , BFIq – k). Similarly, for X we
have the identification
H˚pXI , BXIq – H˚pFI ˆ T
n{TI , BFI ˆ T
n{TIq,
thus
(6.2) Hp`qpXI , BXIq – HqpT
n{TIq.
Consider the graded sheaf HYq on SQ which takes the value Hp`qpYI , BYIq on each
I P SQ (including I “ 0ˆ) with the restriction maps extracted from the differential
pdY q
1 similar to Construction 2.13. By (6.1), the truncated part HY˚ “
À
q H
Y
q (see
Remark 2.5) is the locally constant sheaf L valued by exterior algebras.
Similarly, we can define a graded sheafHXq on SQ which takes the valueHp`qpXI , BXIq
on I P S. Its truncated part HX˚ “
À
q H
X
q is the sheaf of quotient algebras L{I
according to (6.2). Indeed, it is easily seen that the homology algebra H˚pT
n{TIq
is naturally isomorphic to the quotient of H˚pT
nq{IpIq, where IpIq is the ideal
generated by the subspace H1pTIq Ă H1pT
nq.
The map f 1˚ : pEY q
1
˚,˚ Ñ pEXq
1
˚,˚ is equal to the map f˚ : C
˚pS;HY˚ q Ñ C
˚pS;HX˚ q.
This last map coincides with f˚ : C
˚pS;Lq Ñ C˚pS;L{Iq away from 0ˆ.
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Lemma 6.5. There exists a short exact sequence of graded sheaves
0Ñ I Ñ HY Ñ HX Ñ 0.
Proof. This follows from the diagram
0

0

0 // I 

// HY // //
 _

HX //
 _

0
0 // I
  // HY // //


HX //


0
HY {HY
–
//

HX{HX

0 0
in which all vertical and two horizontal lines are exact. The lower sheaves are
concentrated in 0ˆ P SQ and the graded isomorphism between them is due to Re-
mark 6.4. 
Finally, the short exact sequence of Lemma 6.5 induces the long exact sequence
in sheaf cohomology:
(6.3) Ñ H i´1pSQ; I
pqqq Ñ H i´1pSQ;H
Y
q q
f2˚ÝÑ H i´1pSQ;H
X
q q ÝÑ H
ipSQ; I
pqqq Ñ
The poset SQ is a homology manifold. Thus its structure sheaf is constant:
H0 – k. Corollary 3.7 implies that the groups H
ipSQ; I
pqqq vanish for i ď n´ 1´ q.
From the long exact sequence (6.3) we can see that the map
f˚ : H
i´1pSQ;H
Y
q q Ñ H
i´1pSQ;H
X
q q
is an isomorphism for i ď n´ 1´ q and injective for i “ n´ q. This map coincides
with
f 2˚ : pEY q
2
n´i,q Ñ pEXq
2
n´i,q.
The change of indices p “ n´ i concludes the proof of Theorem 5.2.
Remark 6.6. Note, that the similar argument proves that the map f˚ : pEBY q
2
p,q Ñ
pEBXq
2
p,q is an isomorphism for p ą q and injective for p “ q.
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